
reduced.  By this choice of T, the accuracy  of the solution obtained can be maintained more  uniformly over  
the whole of the calculated t ime in terva l  and, as a resu l t ,  g rea t  economy of the calculations can be achieved. 

NOTATION 

t ,  t ime;  (p, turbulence function; r cu r r en t  function; 0, d imensionless  t empera tu re ;  u, v, x, andy,  com- 
ponents of velocity;  L, scale  of length; AT, cha rac te r i s t i c  t empera tu re  difference;  u, kinematic viscosity;  x ,  
t he rma l  conductivity; g, acce lera t ion  due to gravi ty;  p, thermal -expans ion  coefficient;  ~, d iscre t izat ion step 
for  t ime var iable;  h, d iscre t iza t ion step for  space var iables ;  @~x = (r162 + r  )/h2; n, vec to r  normal  
to sur face ;  a, i te ra t ional  pa rame te r ;  7, smoothing p a r a m e t e r  for  boundary condition on ~0; s ,  number of in t e r -  
nal i teration; s l  number  of external  i terat ion;  er accuracy  of in ternal  i terat ion;  e~,  accuracy  of external  
i terat ion;  P r  =~v/x, Prandt l  number;  Gr  = gflL3AT/v 2, Grashof  number;  Ra = P r G r ,  Rayleigh number;  Ri~l/2 = 
0 .5phMii l , j  I, Reynolds difference number .  
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H E A T - C O N D U C T I O N  P R O B L E M  F O R  A 

M U L T I P L Y  C O N N E C T E D  B O D Y  

V.  S .  K o l e s o v  a n d  S.  Y a .  G i c h e v a  UDC 536.24.02 

A method for  solving a heat-conduction problem for  multiply connected domains is proposed 
based on consecut ive solution of problems for  doubly connected domains.  To provide an ex-  
ample the heat-conduction problem is solved for  a c i r c l e  with two c i r cu l a r  holes.  

In applied mathemat ics  the evaluation of t empera tu re  fields in multiply connected domains is a ve ry  
difficult  problem.  As mentioned in [1] there  is no universa l  analytic method which would ensure  a solution 
to a heat-conduct ion problem.  The possibi l i t ies  of numer ica l  methods are  wide; the i r  implementat ion,  how- 
ev e r ,  meets  with diff icult ies ,  and to overcome them one must ,  as a ru le ,  analyze each problem separa te ly .  
An approach which would reduce  the solution of a heat-conduction problem for  a multiply connected domain 
to the solving of seve ra l  problems of the same kind would, t he re fo re ,  be welcome.  The method proposed 
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~n 

a 

0 b-,~2 -b+R2 s b% 

F i g .  1. V a l u e s  of c o n s e c u t i v e  a p p r o x i m a t i o n s  a n on the  
s t r a i g h t  l i ne  b + R 2 _< b--R2:  a) f o r  R 1 = 1,  1~ 2 = 0 .25 ,  and  b = 
0.5; b) f o r  R 1 = 1,  R 2 = 0 .333,  and  b = 0.467.  

b e l o w  i s  b a s e d  on a c o n s e c u t i v e  s o l u t i o n  of  an  a p p r o p r i a t e  p r o b l e m  f o r  doubly  c o n n e c t e d  d o m a i n s .  To  m a k e  
the  e x p o s i t i o n  m o r e  c l e a r  t he  m a i n  c o n c e p t  of t h e  m e t h o d  and  the  c o n v e r g e n c e  p r o o f  a r e  f o r m u l a t e d  f o r  a 
t r i p l y  c o n n e c t e d  d o m a i n  on ly .  In  p r i n c i p l e ,  t h e r e  a r e  no d i f f i c u l t i e s  in  ex t end ing  th i s  a p p r o a c h  to  the  c a s e  of 
any  m u l t i p l y  c o n n e c t e d  d o m a i n s .  

1. The  f i r s t  b o u n d a r y - v a l u e  p r o b l e m  i s  c o n s i d e r e d  f o r  a t r i p l y  c o n n e c t e d  d o m a i n  bounded  by  an  o u t e r  
c l o s e d  c u r v e  r 0 and by  i n n e r  ones  r l ,  r2: 

AT(x, g)=f(x,  g), T!ro = %(s), TJr~ = ~i(s), i =  1, 2. (1) 

The  r e q u i r e d  func t ion  T ( x , y )  i s  o b t a i n e d  wi th  t h e  a i d  of t he  fo l lowing  i t e r a t i v e  p r o c e s s :  L e t  the  f i r s t  a p -  
p r o x i m a t i o n  U l (x ,y )  be  t he  s o l u t i o n  f o r  the  doub ly  c o n n e c t e d  d o m a i n  bounded  by  the  o u t e r  c l o s e d  c u r v e  F 0 and 
by  an  i n n e r  one ,  n a m e l y ,  F~: 

AU ~ (x, y) = f (x, y), U~!r, = go (s), U ~ ;r~ = % (s) ; (2) 

in  o t h e r  w o r d s ,  the  c o n n e c t i v i t y  of t h e  d o m a i n  due to  the  c l o s e d  c u r v e  F 2 i s  i g n o r e d .  Since  the  b o u n d a r y  c o n d i -  
t i on  i s  not  s a t i s f i e d  on  the  l a s t  c u r v e ,  i t  s e e m s  a p p r o p r i a t e  t ha t  f o r  the  s e c o n d  a p p r o x i m a t i o n  U2(x,y) one 
adop t s  the  s o l u t i o n  of  t he  p r o b l e m  

AU ~ (x, g) = 0, U~ir~ = 0, U~ir.~ = % (s) - -  Urr_. (3) 

The  s u b s e q u e n t  i t e r a t i v e  p r o c e d u r e  fo l lows  the  p a t t e r n  

AU ~ (x, g) = 0, Ukir~ = 0, Uk'~rl = - -  U~-Vr~, (4) 

w h e r e  i = 1 f o r  odd k ,  but  i = 2 f o r  even  k.  

I t  w i l l  be  shown tha t  t he  s u m  of  the  s e r i e s  

T(x,  g) = ~ U ~(x, g) (5) 
k=l  

i s  a s o l u t i o n  of p r o b l e m  (1). 

To t h i s  end  i t  i s  a s s u m e d  tha t  the  s e q u e n c e  U k (x, y) a p p r o a c h e s  z e r o  o v e r  the  e n t i r e  d o m a i n  f o r  k ~ oo 

and one  c o n s i d e r s  the  d i f f e r e n c e  
N 

S N (x, y) = T (x, y) - -  X Uk (x, y). 
k=l  

The  s e q u e n c e  of  h a r m o n i c  func t ions  sN (x, y) v a n i s h e s  a t  the  o u t e r  c l o s e d  c u r v e  and a p p r o a c h e s  z e r o  
u n i f o r m l y  a t  the  i n n e r  o n e s .  By the  H a r n a c k  t h e o r e m  [2] S N (x, y) a p p r o a c h e s  z e r o  u n i f o r m l y  o v e r  the  e n t i r e  
d o m a i n ,  tha t  i s ,  the  r e l a t i o n  (5} i s  s a t i s f i e d .  

I t  w i l l  now be  shown t h a t  the  s e q u e n c e  U k (x, y)  a p p r o a c h e s  z e r o .  F o r  s i m p l i c i t y ,  one a s s u m e s  tha t  q~2 
(s} - 0 and  ~l(s} -< 0. Then  U 2k-1 (x, y) -< 0, U 2k (x, y) -> 0. The  fo l lowing  no ta t ion  i s  now i n t r o d u c e d :  

a~k= max U~k(x, y), b~ k - 1  = min U "2k-l(x, g). 
x,g~FI x,y~F2 
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I t  fo l lows  f r o m  the m a x i m u m  p r i n c i p l e  tha t  the  s e q u e n c e s  a~ k and Ib 2k-~ } a r e  m o n o t o n i c a l l y  d e c r e a s i n g  
wi th  I b ~ k - l l >  a~ k.  

S ince  t h e s e  s e q u e n c e s  a r e  bounded ,  t h e r e  e x i s t s  a l i m i t  

lira b~ k-I -- lira a~ k --  B ~ O. 

I t  w i l l  now be shown tha t  B = O. Le t  us  c o n s i d e r  a s e q u e n c e  of  a u x i l i a r y  func t ions :  

V2~-l(x, V) = U2k-~(x, v ) - -  B + ~ k - , ,  

w h e r e  e~ k - t  = B --a~ k-2 (s} k-1 _> 0 and e~ k-1 -~ 0 f o r  k - -  ~ ) .  I t  i s  not  d i f f i cu l t  to  s e e  tha t  the  functions v2k-l(x, y) 
a r e  no rmega t ive  and,  c o n s e q u e n t l y ,  t hey  s a t i s f y  the  H a r n a c k  inewaa l i ty  [ 2 ] .  As the  c e n t e r  of the  c i r c l e  
Cp one adop t s  the  poin t  (X2k_l, Y2k-/) of the  m i n i m u m  of U 2k-1 (x, y) on the  " a b s e n t "  b o u n d a r y  F 2 

Hence  one o b t a i n s  
U~k-~ (x~h-~, Y.,k-~) = b~ k- '  " 

U 2k-1 (x2k_l, Y~k_~) = B-- ~2k-1 

w i t h  > o ,  0 a n d  >_ 

The  r a d i u s  R of  the  c i r c l e  i s  s e l e c t e d  in  such  a way tha t  fo r  any  po in t  of  F 2 a c i r c l e  of  the  r a d i u s  R l i e s  
e n t i r e l y  in  o u r  d o m a i n .  A s s u m i n g  tha t  p < R ,  one has  f o r  a l l  po in t s  of  the  c i r c l e  Cp 

( ~ _ , _ ~ _ , )  R - ~  < v ~ _ ~ ( x ,  y)..< R + ~  ( ~ _ , _ ~ _ , )  

If a s  the  c e n t e r  of the  new c i r c l e ,  t he  a r c  end on F 2 i s  adop ted  which  i s  cu t  off by Cp,  and  ff one app l i e s  
a g a i n  the  I - Iarnack i n e q u a l i t y ,  one ob ta in s  f o r  t he  po in t s  o f  the  new c i r c l e  

0 ~ V 2~-~ (x, V) --< Ce, C --  R +-----g-P, e = (e, 2k-' - -  e 2k-~)2 C. 
R - - p  

13y con t inu ing  t h i s  p r o c e d u r e  one ob t a i n s  f o r  any  poin t  of F 2 

0 ~ V *~-1 (x, V) < C"~, 

w h e r e  v i s  the  n u m b e r  of a r c s  in to  which  the  c l o s e d  c u r v e  F 2 i s  s u b d i v i d e d  by  the  c i r c u m f e r e n c e  of r a d i u s  p.  

T h u s ,  the  s e q u e n c e  V 2k-1 (x, y) a p p r o a c h e s  u n i f o r m l y  z e r o  on F 2 and ,  c o r r e s p o n d i n g l y ,  the  s equence  
U 2k-I (x, y) u n i f o r m l y  a p p r o a c h e s  B on F 2. I t  fo l lows  f r o m  (4) and the  H a r n a c k  t h e o r e m  tha t  t he  s e q u e n c e  
U 2k (x, y) c o n v e r g e s  u n i f o r m l y  in  the  e n t i r e  

AT* (x, 

I t  i s  shown in p r e c i s e l y  the  s a m e  way 

d o m a i n  to a func t ion  T* (x, y) which i s  a so lu t i on  of the  p r o b l e m  

Y) = 0, T*Jro ~ 0, T*Jr~ = --- B. 

tha t  the  s e q u e n c e  of func t ions  U 2k-~ (x, y) c o n v e r g e s  u n i f o r m l y  
in  the  e n t i r e  d o m a i n  to a func t ion  T** (x, y) which  i s  the  s o l u t i o n  of the  p r o b l e m  

AT**(x, 'g)  = 0, T**ir ~ = 0, T** It, = B. 

F r o m  the  m a n n e r  the  s e q u e n c e s  U k (x, y) have  been  ob t a ined  i t  now fo l lows  tha t  i f  B ~ 0, then  the  
s t r e n g t h e n e d  m a x i m u m  p r i n c i p l e  i s  i n v a l i d  f o r  the  func t ions  T* (x, y) and  T** (x, y) .  Conse que n t l y ,  t3 = 0 
and the  r e l a t i o n  (5) has  been  p r o v e d .  

2. By way of  e x a m p l e  one ob t a in s  the  s o l u t i o n  of  the  fo l lowing  p r o b l e m :  

AT(x ,  g) = 0, Tit0 = Tir~ = 0, T/r, = T O , (6) 

w h e r e  the  b o u n d a r i e s  F0, F1, F 2 a r e  d e s c r i b e d  by  the equa t ions  

x ~ + y~ = R~, (x + b) ~ + y '  = ~?~, (x - -  b) 2 + y-" = R:~. 

The f i r s t  a p p r o x i m a t i o n  U t i s  g i v e n  in  a c c o r d a n c e  with the  d e s c r i b e d  i t e r a t i o n  p r o c e d u r e  by tihe so lu t ion  
of  the  p r o b l e m  

AU l(X, it) = 0, Uliv0-~ 0, UI!F1 = T n. 

The v a r i a b l e s  a r e  now changed  by x '  = x + b l ,  y '  = y ,  w h e r e  
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( 2 2 )  ( 2 2 )  
1 R I  - -  R 2  1 RI - -  R2 b �9 

h i = 2  - b + b  , b a = - ~ -  b 

Now the  c o n f o r m a l  m a p p i n g  

~ -- Z-~-C , Z = X t " ~ i y  ', L ' = W b ~  - -  R - ~ .  ]// 0 225~ R22 
z - - c  

m a p s  a n o t ,  c o n c e n t r i c  annu lus  in to  a c o n c e n t r i c  one wi th  the  r a d i i  Yl = (bl + c ) /R1 ,  T2 = [(b2 + c)/R2] (yz> ~1 > 1). 

The  func t ion  U t i s  g iven  by  [3] 

U 1 = [~ In -~-P, ~ " To (7) 

?' In ?.__~2 

I n t h e  above ,  p ,  go a r e  p o l a r  c o o r d i n a t e s  on the  ~ p l ane  which  can  be  e x p r e s s e d  in  t e r m s  of  x and y a s  
f o l l o w s :  

/ (x+bi+c)~+y~ [ 2ev ] 
9 =  ( x + b  i - c )  2 + y 2  , q ~ : a r c t g  ' ( x+b i ) "+y~- - - c " -  " 

To be  a b l e  to  f ind  the  s e c o n d  a p p r o x i m a t i o n  U 2 (x, y),  o n e h a s  to  have  the  va lue  of t he  func t ion  U 1 (x, y) 
on the  c l o s e d  c u r v e  I '  2. Subs t i t u t ing  in  (7) the  equa t ion  of the  c l o s e d  c u r v e  1" 2 and  chang ing  to  the  c o o r d i n a t e s  
x"  = b l - - x ,  y "  = y ,  one ob t a in s  a f t e r  s o m e  e a s y  t r a n s f o r m a t i o n s  

[ 1 2?~Rlb~--(iy~R ~ --y~R~);" -- In?,} (8) 
U l I r : ~  - ~ - l n  2Rib 1 2R1 R2 x" " 

�9 ?i ?i 
The  s e c o n d  a p p r o x i m a t i o n  U 2 i s  t he  s o l u t i o n  of the  p r o b l e m  

AU2(x, g ) =  0, U21r~ = 0, UO'Ir~ = - - U l i r ~ .  (9) 

The  c o n f o r m a l  m a p p i n g  T/= (z '  + c ) / ( z '  - - c )  (z '  = x '  + iy" )  t r a n s f o r m s  the  n o t - c o n c e n t r i c  c i r c l e  in to  a 
c o n c e n t r i c  one of  r a d i u s  Yl ' ,  and  the  c i r c l e  r 2 in to  one of  r a d i u s  Y2. In the  p o l a r  c o o r d i n a t e s  of  r and  r in the  

p l a n e  the  e x p r e s s i o n  (8) b e c o m e s  

U l l r ~ = A - -  ~ l n  1 - - 2 ~ c o s ~ ? + ~  
2 1 - - 2 •  2 ' 

w h e r e  t~ = T1R1/T2bl < 1 and  the  q u a n t i t i e s  A and ~t a r e  g i v e n  by  the  f o r m u l a  A = To, ~t = T 2 R i / T l b l  i f  T2R1 < 71bl 
and  A = f l ln  (bl /R1),  but  ~t = y lb l /72R1,  i f  T2R1 > 71bl. 

Us ing  the  s e r i e s  e x p a n s i o n  [4] 

(1 2a cos ~ + a'-') ~ 
C~ k 

2 In . . . .  cos kS, 
�9 k 

one can  e a s i l y  ob t a in  t he  s o l u t i o n  of the  p r o b l e m  (9) by  u s i n g  the  m e t h o d  of the  s e p a r a t i o n  of  v a r i a b l e s :  

A r ~ - ~  ?~ (~3 - -  • r2k __ ?~k cos k ,  
U 2 (x, V) In -- ~ 2k 2Ie rk ' 

k = l  (10) 
?i 

/ (b1__ x _{_ c)2 _T Vz [ 2cg ] 
r =  (b 1 - x  ~ + y 2  , ~ a r c t g  - -  (b i_x)2_T_y2_c-,.  " 

As  a b o v e ,  to ob t a in  the  t h i r d  a p p r o x i m a t i o n  U 3 (x, y) the  e x p r e s s i o n  fo r  U 2 (x, y) i s  found on the  c l o s e d  
c u r v e  F I. To t h i s  end the  c o o r d i n a t e s  r and  ~ a r e  e x p r e s s e d  by m e a n s  of the  c o o r d i n a t e s  p,  go on the  c l o s e d  

c u r v e  r l :  

/ ?~, (.1 - -  2a cos c~ =- a-) $ r,. = arctg . 
r:r, = l~ - - ~ - 7 - -  g ' 2b, (bib., --  c c) --  Re {b~ -)- R~) cos 'r 1 - -  2• cos q~ : -  z- ~ . 
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Fig .  2. I s o t h e r m  d i s t r ibu t ion  f o r  
R i = 1, R 2 = 0.333, and b = 0.467. 

By subs t i tu t ing  these  e x p r e s s i o n s  in (10) one finds the values  of the funct ion U 2 (x, y) on the c losed  cu rve  
F 1. F o r  the th i rd  app rox ima t ion  U 3 (x, y) one c o n s i d e r s  the  p r o b l e m  

AU~(x, g) = 0, U~ir0 = 0, US:r, - - -U2r ,  �9 = U~ (~,), 

whose  solut ion can  be wr i t t en  as  fol lows:  

U 3 (x, g) a o In s  + ' ~  7~ p.,.k __ 7[k : ~ -  �9 - -  (akcos kCf b~{ sin k~o), 
71 ~" P~ 7 ~ -- 7~ k 

where ak, b k are the Fourier coefficients for the function U2(~). 

Further approximations are similarly obtained. 

Compui:ations with variously modified data were carried out to throw light on the convergence rate of 

the iteration procedure and other problems related to numerical implementation. As one would expect, the 

number of iterations needed to attain an acceptable accuracy depends essentially on how close the inner- 

closed curves are to each other. For example, for R 1 = i, R 2 = 0.25, b = 0.5 one needs four approximations 

for the inequality maxlU N (x, y) l< 10 -3 to hold but for R i = i, R 2 = 0.33 and the eccentricity b = 0.47 one must 

already have six iterations for the same inequality to be satisfied. In Fig. la,b the distribution is shown for 

the first and second case of partial sums on of the series (5) on the straight line which joins the centers of the 

circles F i and F 2 (b + R 2 _< x _ b-- R2). In Fig. 2 the isotherms are shown for the second case. 

In the general case a universal program was prepared in ALGOL for the electronic computer M-222 to 

solve heat-conduction problems for a domain of any connectivity and bounded by smooth closed curves. The 

" inner"  p r o b l e m s  (that i s ,  i n t e rm e d i a t e  p r o b l e m s  fo r  doubly connec ted  domains)  were  so lved  by finite d i f f e r -  
ences .  The  computa t ions  have shown that  the p r o p o s e d  method  is ef f ic ient  only fo r  domains  of low connec t iv -  
ity conta in ing  not m o r e  than t h r ee  to four  inne r  c lo sed  c u r v e s .  Any ex tens ion  of  connectixdty r e su l t s  in rap id  
g rowth  of  the  r e q u i r e d  c o m p u t e r  t ime .  The l a t t e r  can be r educed  if  the exac t  so lut ions  a r e  known of the i n t e r -  
med ia te  p r o b l e m s .  

i. 

2. 

3. 

4. 

5. 
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